A coupled mathematical model has been developed that predicts a microstructure evolution and a flow stress during and after the process of deformation. A part of the model, which is responsible for the microstructure evolution, consists of models of a recrystallization and a grain growth. A dynamic, static and metadynamic recrystallization is considered as a whole. The flow stress is calculated on the basis of the dislocation theory. Changes of the dislocation density during the deformation are described by model considered the hardening, the recovery and the recrystallization. In pauses between deformation process, the recrystallization is the only process taken into account as a softening one. The results of the simulation are demonstrated.
Introduction
Problem of selection of the stress-strain function is widely discussed in the scientific literature. 1) For an analytical description of the yield stress, a function of the temperature, the strain rate and the strain is usually used. Apart from the static model, it is possible to use adaptive and dynamic models.
2) Among several models, which describe material behavior under the loading, a model of the flow stress based on the dislocation theory has been an important function in the material science. This model has an advantage when a non-stationary process takes place. In transient processes when the temperature or the strain rate varies in a wide range, the model based on the dislocation theory can give the proper results. It can be explained by the fact that this model uses internal variables to describe the state of the material. There are many papers [3] [4] [5] [6] devoted to the problem of flow stress modeling. These models allow one to describe the recovery and the recrystallization not only during the deformation, but also between the consequent deformations. It makes possible to estimate the flow stress properly in the initial stage of the following loadings. The introduction of the processes of a static, metadynamic and dynamic recrystallization into the dislocation model complicates the model significantly. 6, 7) There are known models developed by Kocks, 8) Roberts 9) and Yoshie. 10) They used the dislocation density as the only parameter. To reckon the recrystallization there have been proposed models with two, 11) three 12) internal variables or the dislocation density distribution function. 13) Those models, however, consider the recrystallization implicitly.
The mathematical models that describe the microstructure evolution are well developed. Most of them are based on the models proposed by Sellars and co-workers. The recrystallization is conceptually divided into a dynamic (DRX), static (SRX) and post dynamic (metadynamic MDRX) recrystallization. That is a practicable method to describe the complex recrystallization process simply. Depending on a deformation condition the appropriate kind of the recrystallization must be chosen. If a strain is big enough, a dynamic recrystallization is started. After the deformation a static or metadynamic recrystallization is possible. The recrystallization kinetics is based on the modified Avrami equation, 14) which incorporates an empirical time (or strain) for 50 % recrystallization. The models give the grain size as well. The grain size can be calculated during the recrystallization and after that. The difficulties come out when the strain is big enough to describe it by a static recrystallization but too small to treat the recrystallization as a metadynamic. Another problem is an utilization of those models in continues modeling.
In the following sections, model of the recrystallization is described, which combines different kind of recrystallization into single a process that starts during the deformation and can last till a new deformation begins. It reckons the nucleation and the grain growth during and after the recrystallization. Then that model is integrated into the model of the flow stress.
The Model of the Flow Stress Based on the Dislocation Theory
According to Taylor theory 15) flow stress s s is proportional to the square root of the dislocation density r. Here, U(e) is regarded as the generation and the storage of the dislocation (hardening), while the term W(r) contributes an annihilation of the dislocation (dynamic recovery). Kocks 8) has shown that the work-hardening law consistent with the relationship of the form dr/deϭk 1 16, 17) had proposed a general model, which takes into account the strain rate e˙, the temperature T and the dislocation density r, according to following equation:
where w 1 -w 5 , material constant; Q 1 and Q 2 , activation energies.
According to the theory, a dynamic recrystallization is initiated by the dislocation, when its density exceeds a critical value. Most researchers reckon a dynamic recrystallization through the extension of Eq. In my opinion last term addition makes the model inconsistent that cannot consider all kinds of recrystallization and requires other models for a static and metadynamic recrystallization. In a proposed model more natural way of integration of recrystallization is recommended, as it will be shown in Sec. 6.
The Recrystallization
To describe the microstructure evolution one can use models proposed by Sellars. 14) The main input parameters of the models are the deformation parameters (the strain e, the strain rate e˙, the temperature T), the pauses parameters (time t and temperature T), the grain size D etc. The output parameters are recrystallization fraction c, time t 0.5 (the strain e 0.5 ) for 50 % recrystallization, the critical strain e cr and so on. But the integration of the recrystallization models into the flow stress models based on the dislocation theory (2) is hampered by different kind of recrystallization. Another restriction for use the models is an irregular deformation condition. These problems have not been solved yet.
In the models according to (4) some different approaches are utilized. But if we are back to the source of Sellars conception, we recall the papers of Kolmogorov, 18) Johnson and Mehl, 19) Avrami. [20] [21] [22] The Kolmogorov-Johnson-MehlAvrami (KJMA) theory considers the recrystallization as a two-stage process, which consists of the nucleation and the grain growth. From that point of view of KJMA theory there is no principled difference not only between the different kind of recrystallization, but also the recrystallization does not differ from other processes such as the crystallization or the phase transformation. Since the recrystallization can be described by the nucleation and the grain growth independent from its kind, exactly such an approach has been chosen to reckon the recrystallization in the model based on the dislocation density. The nuclei are supposed to occur only during the deformation. Then the difference between a dynamic recrystallization and others is in a fraction of a new grain while deformation lasts. When the fraction becomes noticeable, it is generally said that dynamic recrystallization begins. If the fraction during the deformation is small and begins to arise after the deformation, it is a static recrystallization. A metadynamic recrystallization is only the continuation of a dynamic recrystallization. The grain growth during the recrystallization can be considered as a process that replaces material in an old grain with a high dislocation density by the new grains free from the dislocation, therefore it effects as a softening process in two ways during and after the deformation.
The Nucleation
In the model it is supposed that the nucleation rate depends on the strain e, the strain rate e˙, the temperature T and the initial grain size D 0 . It rises from the following reasoning. The density of nuclei (number of nuclei per volume unit) corresponds to the grain density after full recrystallization, whereas the grains density can be easily calculated from the final grain size. The grain size after a metadynamic and a static recrystallization, as discussed elsewhere, [23] [24] [25] [26] [27] [28] [29] [30] depends on the abovementioned parameters. According to this theory, while the deformation increases, firstly it does not cause the recrystallization or the time of recrystallization is too long. Then, the time shortens and recrystallized grains are very large. Next, the time continues to shorten and the recrystallized grain size decreases. And finally, as soon as a dynamic recrystallization completes, the time and the grain size is stabilized. That responds to increasing with a saturation of the nuclei density. At the beginning the nuclei density depends on the strain and it is independent from the strain rate, while at the end it is observed as opposite phenomenon.
Accordingly, equations for the grain size after a static recrystallization can be embraced in order to calculate the density of the nuclei and the nucleation rate. The equations described the size of grain recrystallized statically 3, [23] [24] [25] [26] 28, 29) can be presented in the following general form: Here coefficients can be k N ϭ1-2, l N ϭ1.5-3.
In the model there is used the former Eq. (8), therefore the density of nuclei can be changed only during the deformation (e˙ 0). Along with the deformation, number of the nuclei rises. The grain growth begins as well, but their influence on the flow stress is negligible while new grains are small. According to the theory when the strain e reaches a critical value e c , a dynamic recrystallization begins, the effect of the new grains become noticeable. In the new grains the same processes as in the old matrix take place i.e. the process of hardening and softening. The new grains are deformed as well. The dislocation density arises here. In a proper time, when they grow enough, they are able to recrystallize again, so they must be transferred from the category of the new grain to the category of the old matrix. Then number of the new grain is said to decrease. The transfer rate depends on the density of the new grains, their size, the strain, the strain rate etc. The transfer increases with an augment of recrystallization fraction. In the end the equilibrium between the transfer rate and the nucleation rate brings into a stable density of new grains. It coincides with a full dynamic recrystallization. In that case the new grains density can be calculated via size of the grains recrystallized metadynamically, because a metadynamic recrystallization is a continuation of a dynamic one but without the nucleation (the grain growth only), contrary to a dynamic recrystallization when the grains do not reach their maximal size. There are a few equations for a dynamically and metadynamically recrystallized grain size.
14,31) They can be written in such a general form: where Zϭe˙exp(Q drx /RT), Zener-Hollomon parameter; n is 0.15 to 0.27. The difference between the sizes of the grains recrystallized dynamically and metadynamically is related to coefficient A only. The comparison of coefficients A for two processes 31) gives the difference in the grain size about 1.6 and in the grain density about 4. Characteristically, in our reasoning one can notice the same effect. The number of the grains stabilizes on the level that depends on the strain rate and the temperature; further deformation does not change the number. Then, the number of the new grains can be calculated by the substitution of Eq. (9) into (6) Thus in the beginning, while new grains are few and a dynamic recrystallization does not start, the nucleation process is identical with the nucleation process for a static recrystallization, whereas by the end of a dynamic recrystallization number of new grains is constant N V ϭN Vmd . The Eq. (11) is a simplification of real process and can give only a smooth transient process without oscillation, but for the most materials and regimes that assumption can be acceptable.
The Grain Growth during the Recrystallization
According to KJMA theory the second part of the recrystallization is the grain growth. Authors of KJMA theory have considered the constant grain growth rate. In the proposed model the constant grain growth rate is utilized as well, though the rate is known to change during the growing, i.e. depends on time. Avrami 20) for the recrystallization fraction calculations has proposed to use the extended volume V ex that is the total transformed volume if overlapping of the growing grains is neglected. Then the recrystallization fraction c can be calculated via extended volume as following: (13) where Ṅ V , the nucleation rate; D, the grain growth rate; c, the geometrical factor. The solutions of the Eq. (13) for constant or linearly changed Ṅ V and Ḋ are well known in the literature. The general form of solution is of form V ex ϭbt n , where n depends on the anisotropy of growth and the time dependency of the nucleation or (and) the grain growth. The constant rates Ṅ V and Ḋ make n equal to 4. If the nuclei appear only before the process and then the nucleation rate is 0, n reduces to 3.
18) The anisotropy of growing decreases n, as well. 21) However, as it is seen from the Eq. (11), the time dependency of the nucleation rate Ṅ V is strongly nonlinear due to the time dependent strain e and probably the irregular strain rate e˙ and the temperature T. Thus that does not allow using of that solution. In the model Eq. (13) is transformed into the form:
where V n , volume of a single grain that occurs at the time t; V n ϭpD 3 /6. Duhamel convolution principle can be applied to the Eq. (14) (15) where ᮏ is a sign of convolution. It results that two variants of a numerical solution are possible. The first equation is either the equation for the nucleation, then the grains density will be an input for the calculation of the extended volume, or the equation for a single grain growing, the grain size is the input for the calculation then. The first variant, seen as more natural, has some advantages and has been applied in the model. According to the Eq. (11) number of new grains in the first approach is an actual number, while the grain size in the second one is the biggest extended grain size, which does not expressed a real average grain size neither all grains nor new ones.
The driving force for the growth of the recrystallized grains comes from the stored strain energy difference between the new grains and the matrix. The growth rate is proportional to the driving force and the grain boundary mobility. The mobility depends mainly on a self-diffusion coefficient. Then, the maximal growth rate is supposed to be during a static recrystallization, when the driving force is maximal due to the biggest energy difference between the new grains and the matrix. The grain growth rate Ḋ srx can be obtained via time for 50 % recrystallization and expressed by the relation: (16) During the recrystallization after the deformation extended grain size is not limited, but during the deformation grains grow only to a fixed value. It is connected with the transfer of the deformed growing grains from the category of the new grain to the category of the old matrix when they reach an appropriate size. Another factor is a slowing of the grain growth rate because the dislocation density of the new grains arises and the driving force lowers. That size is known as size of the grains recrystallized dynamically and can be calculated according to the Eq. In the model during the deformation, as it is mentioned above, the extended volume is limited and thus the full dynamic recrystallization, which is a dynamic equilibrium between different processes in the materials, is only a fraction of whole recrystallization. The limited average extended grain size effects that real size of grains recrystallized dynamically is less than the size of grains recrystallized metadynamically.
When the extended volume is calculated, the fraction of recrystallization c is obtained according to the Eq. (12) . Then, the average size of new grains D can be calculated from the modified Eq. (6): 
The Dislocation Density and the Flow Stress during the Recrystallization
To obtain a current value of an average dislocation density r av it is utilized the relation (3) for the dislocation density r of a non-recrystallized grain and the recrystallized fraction c according to (12) : That relation is like the other equations that are used for the calculation of other parameters during the recrystallization, for example for the flow stress. In the model the dislocation density is calculated at first and the flow stress (1) then. But one has to remember that the relationship between the dislocation density and the flow stress is nonlinear (1) and the recrystallization fraction calculated from the flow stress is different (higher). It must be taken into ac-Ḋ
count when the fraction is obtained from experimental data. As a matter of fact, it corresponds to a displacement along time axis.
The Grain Growth after the Recrystallization
The coupled model of the microstructure evolution and the flow stress is not complete if it does not contain the grain growth after the recrystallization. If during the deformation the main driving force is energy of deformation, after the recrystallization the driving force is the difference of energy, which is connected with the grain boundary surface tension and a curvature. After the recrystallization bigger grains grow by merging smaller. This process is available during the recrystallization, but is too far slow and becomes noticeable as soon as the recrystallization completes. In the model the average grain size is calculated according to Eq. (22), but both grains sizes D and D 0 must reckon the grain growth connected with the tension and the curvature. For this purpose known equation 23, 24, 30, 31) for the grain growth can be used. The general form of such an equation can be described as following: 
The Example of the Identification Model Parameters
The plastometric tests were carried out using a plastometer-dilatometer, type DIL 805 A/D manufactured by BAHR Thermoanalyse GmbH for several steel grades. After obtaining the stress-strain curves, they were recalculated into the time dependences of the dislocation density. The identification was performed in two stages. Firstly for the identification of the parameters of the Eq. (3) was utilized a method, 16) which used methods of the optimal control theory. Then for the other parameters two methods were applied: Powell's and simplex (Nelder-Mead). Initial parameters were recalculated from the equations corresponding to (5), 25) (9), 31) (16) 25) and (24) 32) taken from the literature. The results presented in the paper were obtained for steel of grade 55 at the temperature of 900 and 1000°C, when the strain rate was 1.0, 5.5, and 10 s Mean square error of approximation is 3.6%. One of the tested curves (in Fig. 1: e˙ϭ10 s 
Ϫ1
, Tϭ1 000°C) also covers well an experimental data. Though the other curve (in Fig.  2 : e˙ϭ5.5 s
, Tϭ900°C) does not coincide with the experimental one, it lays intuitively in a proper place; maybe the experimental data is not accurate enough.
An Example of the Simulation by the Model
The model allows for prediction of properties not only during the deformation, but also in pauses between them. After the deformation, the recrystallization develops and the grains grow. They provide increasing of volume free from a dislocation. Consequently an average dislocation density drops. The simulations are carried out for 20 steel at the temperature of 1 000°C with the strain rate 1 s Ϫ1 . The results of the simulations of the changes of the dislocation density during the deformation and in the pauses are shown in Figs. 3-5 . The deformation is interrupted in different stain. The curves that are obtained for stain 0.2; 0.25; 0.3; 0.35; 0.4 and 0.5 are presented in Fig. 3 . The curves answer the static recrystallization when the recrystallization time depends on the strain. The larger is the strain the shorter is the time of recrystallization. After strain of 0.2 decreasing of the dislocation density during 5 s is very small, for less strain that time becomes too long and one can say that the recrystallization does not occur.
Next Fig. 4 depicts a transient process when interrupted strain was bigger (0.5 to 1.0). In that range of strain a static recrystallization transits into a metadynamic one, the differences of the recrystallization time are still observed. In Fig. 5 the results of simulation are shown when the interrupted strain increases further in the region where a dynamic recrystallization is significant. After the deformation goes a metadynamic recrystallization. In this case the recrystallization time is independent from the strain. The last results of the simulation present the case when the strain rate is changed during the deformation process. In Fig. 7 the curves with strain rate of 1.0 and 2.0 are shown, as well as the transition process with the changed strain rate at strain of 0.4. The results are correspondent to the real process when the stress does not change immediately, but in time required for an additional strain. 
Conclusion
A coupled mathematical model has been developed for prediction of the flow stress and microstructure evolution. The flow stress model is based on the dislocation density, which changes both during and after the deformation process. The part of the dislocation model, which touches the hardening and the softening by the recovery, does not differ from the conventional solution, while the second part uses approach, which takes into account the recrystallization effect explicitly. Those two parts are considered separately and a final effect of two models is not addition of their results, but is a multiplication. The matter of fact model of the recrystallization is independent from the dislocation model. It depends on the deformation parameters only. Model of the recrystallization is free from division into separate kinds of recrystallization. That allows for continuous calculation through whole process with several deformation alternated by pauses. Such terms as a critical strain, stress or dislocation density have been removed from the model. Form of the strain, strain rate, temperature and time dependences is based on the well known empirical equations for time (or strain) of recrystallization, grain size after recrystallization, grain growth etc. The presented model of recrystallization puts together KJMA theory principles and Sellars practical approach. Along with an influence on the dislocation model, model of recrystallization with the grain growth model gives parameters of microstructure. The results presented in the paper indicate good ability of the model for approximation as well as its behavior agrees qualitatively with what have been expected during irregular deformation or the multi-stage deformation. However, the model requires further researches especially for the validation at variable deformation condition and during multi-stage deformation.
